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ABSTRACT: This research paper studies the damped linear homogeneous string-like equation. The two ends of the string
are being held fixed and, the general initial conditions are considered. In physical viewpoint; this research problem
describes the damped vertical vibrations of a band-saw blade or a chain drive. The second order partial differential
equation for axially moving continuum has been formulated from energy principle such as Hamilton's principle. The axial
velocity of the string is assumed to be positive, constant and small compared to wave velocity, and it is also assumed that
the introduced viscous damping generates small damping in the system. To solve the mathematical equation of motion, a
two timescales perturbation method is used to find the approximate analytic solutions. It is shown that the introduced
damping does in fact affect the solution responses, and reduces the vibration and unnecessary noise in the system. It is also
shown that the damping generated in the system does not depend on the mode numbers n.
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INTRODUCTION

Physical, mechanical and structural systems are arising in the
class of vibratory systems. Axially translating elastic systems
are one of them. These systems always experience the energy
loss often known as energy dissipation, Refs. [1-5]. There are
many examples of these axially translating systems, for
example, see Refs [4,5] for conveyor belts; Refs. [4,6-7] for
elevator systems, and other such kind of systems subject to
oscillations due to machine motion, wind, traffic etcetra.

In this technological and advanced world, analysis and study
of axially translating systems under internal, material, viscous
and boundary damping has received great importance in
manufacture.

Many a time damping devices are used to suppress the
unnecessary vibrations in these systems, Refs. [5-6,8]. The
mechanical motion of axially translating systems is described
wave-like or beam-like equations.

The vibrations are generated when an inertial element
displaces from its rest position due to transfer of kinetic
energy to system and restoring force is created which pulls
the element back towards the equilibrium position. If the
vibration becomes more intensive then it is harmful for the
mechanical system, that is why, researchers are trying to
reduce it by using different tactics,for instance, damping is
used to control the vibrations through the boundary support.
In some cases damping is used through spatial coordinate of
the system, Refs. [1, 3-6]. The damping can also be used to
suppress the oscillation amplitudes of plates, see Ref. [9].
Recently, authors in Ref. [10] have discussed aspects of the
reflection properties with damping and found out interesting
outcomes. In Ref. [11], tensioned beam describing elevator
system is studied.

This research work studies the string-like equation with small
viscous damping throughout the whole spatial coordinate
where the boundary conditions are assumed to be fixed and
general initial conditions have been taken into account. To
solve the equations of motion, a two timescales perturbation
method together with separation of variables and
eigenfunction expansion method, see Refs. [12-18], has been

used to approximate the analytic approximations of the
solutions, where it is found that the vibratory energy of the
oscillation amplitudes is dissipated by the constant rate. To
this point it is the important result from the mathematical and
mechanical point of view.

THE EQUATION OF MOTION AND THE ANALYTIC
APPROXIMATIONS

The Derivation of Equation of Motion by Hamilton's
Principle

In this section, the equation of motion related to axially
translating elastic system with the suitable initial and the
boundary conditions have been constructed by the application
of the Hamilton's principle. Consider a band-saw blade which
is moving with an axial velocity V between two supports
(pulleys) that are a distance L apart. The transversal
vibrations of the band saw blade can be modeled as a
tensioned string equation. The mathematical model of a
traveling tensioned string is based on the assumptions that X
is the spatial coordinate, T is the time,

U(X, T) models the mechanical displacement field, the
pretension, P, is constant in the string. The transversal
vibrations are assumed to be small, the effects of the gravity
are neglected, the mass of the string per unit length, o, is

constant, the axial velocity, V , of the string is positive and
assumed to be constant, and that the damping coefficient, /3,

is constant.

To obtain the equations of motion, the Hamilton's principle
has been used. The kinetic energy of the band-saw blade of
length L is given by;

1 ¢ — 2
KE.==p[(Ur +VU, ) dX,
0

2
(1)
and, that the potential energy is given by;
L
pE-1 PUdX,
2 (2)

and, the virtual work done by the damping force on the string
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L
W ==B[(Uy (LT)+VU, (L,T))aU (X.T)dX,
is 0
3)
where U(X, T) is the displacement in the vertical direction,
L is the mass density of the band-saw blade, V is the

constant band-saw blade velocity, P is the constant pretension
in the blade, X is the position along the horizontal axis, T is
the time, L is the distance between the two pulleys, and, is the
damping coefficient. By substituting Eqg. (1), Eq. (2) and Eq.
(3) into Hamilton's principle,

TZ

[(SKE.-6PE.+oW)dT =0, (4
T
and applying the variational operation, it follows that

5/K=j$;jg{-p(uﬁ FNU,, +VU, +\7ux)+ PU,
~B(U; +VU, ) }0U (X, T)dXdT
3 {AV (Us +VU, ) -PU, }OU(X,T)f5 dT

+5p(Ur +VU, JOU (X, T) [ dX =0,

(5)
The equation which is contained in the first term of Eq. (5), is
called the equation of motion and is given by

pD,~PD, +AD,=0,T >0,0< X <L
where D, = (UTT YU VU, +VU, ) D,=U, (&)

and D,=(U; +VU, )

The remaining terms are equivalent to specifying the initial
and the appropriate boundary conditions. Following BCs are
assumed:

U(0T)=U(LT)=0, T>0 7)

where the initial displacement and the initial velocity are:
U(X,0)=F(X), and U; (X,0)=H(X), @)

where the lettered subscript denotes the partial differentiation.
To put the equation into non-dimensional form the following
dimensionless quantities are used:

uY X et Y

Lo c’

f(x)—F(LX),h(x)=H(CX),5=’B—:;,
Yo,

/p
where C = _|— is the wave speed.
Yo

Thus, the Eq. (6) into dimensionless form
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u, +2Vu, +Vu +Vu,—u,
+0 (U +V'u,)=0

The BCs are given as,

u(0,t)=u(Lt)=0, t=0 (10)
and the ICs,
u(x,0)= f(x), and, u,(x,0)=h(x).

(11)
ANALYTICAL APPROXIMATIONS
In this section, an approximation of the solution of the IBVP
(9)-(11) has been constructed by using the two timescales
perturbation method as mentioned in section 3 of this paper in
detail. Following two assumptions are made to utilize the
multiple timescales perturbation method: (i) it is assumed that

the band-saw blade velocity V is small compared to wave

. P o .
velocityC = _|—, and (ii) it is assumed that L is small
yo,

compared to ©C . Based on these assumptions, it is reasonable

to writeV " =

o |<|

=0(g), and 6= % =0(g), that is,

V' =gV, and S = & . Based on these assumptions; Egs.
(9)-(112) can be written as follows

U, —U,, =—2&Vu, —e?V2u,  —edu, —&°oVu,
(12)
the boundary conditions, U (O,t; 5) =u (1,t; 5) =0,
(13)
and the initial conditions,
u(x,0;¢)=f(x), u(x,0;&)=h(x), (14)

By using a two timescales perturbation method the function
u(x,z¢) is supposed to be a function of spatial variable x, the
fast timescale t; and the slow timescale t,. For this reason,

u(x,t;e)=v(xt,t,;¢) (15)

By using Eq. (15), the following transformations are needed
for the time derivatives:

U =V, +&v,
, (16)
Uy =V, + 25vt1t2 +EV,,

By substituting Egs. (15)-(16) into Egs. (12)-(14); the
problem in v up to O(g) is given as
V,

Vi = —2EV,,, —2&V v, —&dv, +O(52),
v(0,t,t,;6)=v(Lt,t,;6) =0,

v(x,0,0;¢) = f (x),

v, (%,0,0;¢)+&v, (x,0,0,6)=h(x).

follows

(17)

It is usually assumed that the function
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U(X,t;8)=V(X,tl,t2;g) can be approximated by the
powers of & in the asymptotic expansion, that is:

V(X te) =V (Xt t) +ev (Xt )+ &7
(18)

and that all the vj's for j =0, 1, 2, --- ; are found in such a
way that no secular terms arise. It is also assumed that the

unknown functions v, are O(1). Now, by substitution of Eq.

(18) into Eq. (17), and then equating the powers of £¥ and

6‘1, and neglecting the &% and the higher powers of ¢, it
follows that, the O(1)-problem is given as:

Vorg, —Voxe = 0,

Vo (0,t,t,) =V, (Lt,,t,) =0,
Vo(x,0,0)=f(x), vy (x,0,0)=h(x),

0xx

(19)
and, that the 0(8)— problem is given as:
Vigy, ~ Vi = _2V0t1t2 -2V Voxt, -6 Voy, -
v, (0,t,t,)=v (Lt,t,)=0
v(%,0,0)=0, v, (x0,0)=-v, (x,0,0).
(20)

It is seen that the O(1)-equation has solution only for the
positive eigenvalues, A = (n7z)2 , see for instance Ref. [18],

that is
o (A (t)cos(n7t ) +
Vo (X t,t,) = Z(Bno (t,)sin(nzt,)

sin(nz x),
n=.
(21)
where A, and B,y are known as Fourier coefficients. The
values Ap(0) and Bny(0) can be obtained by using the

orthogonality properties and the ICs. The space dependent

solutions sin(n;zx) forn =1, 2, 3, --- , satisfy the
following orthogonality properties,
1
Isin(n;rx)sin(m;rx)dx=0, for m=n
0

1

==, for m=n
2
(22)

Thus, by using the initial conditions described in Eqg. (19) and
the orthogonality properties of the eigen-functions as given in
Eq (22) it follows that

J- x)sin(nzx)dx,
nz Bno 2.[

Now, to solve the O( )—problem, the eigenfunction
expansion method is introduced, that is,

(23)

x)sin(nzx)dx.  (24)
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v, (x,t,t,) ZW

where W, (ti,tz) are the unknown functions of t; and t,. By

sm mz X), (25)

substituting the Eq. (25) into the O(g)—equation, it follows
that,

o0

3 (W, (t.1,)+ (1) w,

m=1
oyt, 2VV0><t1 o 5V0t1 |

(ti,tz))sin(mnx)z

-2V,

(26)
By substituting v (X,tl,tz) from Eq. (21) into Eq. (26), then
by multiplying both sides with sin(n;r X), then integrating

the so-obtained equation from x = 0 to x = 1 with application
of orthogonality conditions, it yields

O, +(n7z)2 o, =

(2n7 A, (t,)+Snz A, (t,))sin(nat,)
—(2n7 B} (t,)+5nzB,, (t,))cos(nxt,)

£ 3 (m”)z Ay (t,)sin(mzt,) o
m=L,msn _BmO (t2 ) COS(mﬂ'tl)
(27)
where ® . are constants depending on the indices m and n.
Their values are given by the following equation,

1
:jcos(mnx)sin(nnx)dx
0 (28)
To solve the Eq. (27), undetermined constants method has
been applied. The solution of Eq. (27) consists homogeneous
solution and the particular integral. If the first non-
homogeneous term is considered, which is,

(2nzA' o (t,)+onz A, (t,))sin(nzt, )

—(2n7B',, (t,)+SnzB,, (t,))cos(nzt,)

then right assumption for the particular integral for Eq. (27)
related to this non-homogeneous term will be

@y, (t,1,) =D (t,)t sin(nzt, )
+E(t,)t,cos(nzt,)

where D(t,) and E(t;) are unknown. Thus, by using the above
assumption in Eq. (27), it yields

D(t,)= —KB{]O (t2)+g B, (tZ)j’
(30)

()= Ao(t) 5 Aul) |

Now, using Eq. (30) into Eq. (29), it yields

(29)
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o

O, (t1) = ( o(t)+= 5 B, (tz)jtlsin(nﬂtl)
_(A;O (t)+ 2 A (tz)jtlcos(nﬂtl).

(31)
In Eqg. (31) the solutions are unbounded in t;. Such behavior
of solutions is often known as the secular behavior. To have
secular free behavior, following conditions are imposed in
Eq. (27):

2'6\;0 (t2)+5A10 (t2)=0
2B/, (t,)+ 6By, (t,) =0.

The above equations are uncoupled ODEs and they yield the
solutions,

(32)

Am (tz) - A'O (O)e75t2 ! BnO (tZ) = BnO (O)e’EtZ ’
(33)

where A,0(0) and B,,o(0) are given in Egs. (23) and (24). Thus,
by using Eg. (33) into Eq. (21), the zeroth order

approximation VO(X,tl,tZ) can be written as,

Vo (X t,t,) =

Ze (Am Jcos(nzt,)

RN (O)Sin(nntl)}in(n”x)- (34)

Now by substituting t, =¢t into the expression

—gtz, and then by dividing the so-obtained

expression by t, it follows that the damping
parameter I, for all oscillations modes can be
expressed by,
o
I =—¢—.
2
Thus, from Eq. (27) with Eq. (32), it follows that

O, +(n7z)2 w, =

> {4v(mn)2(p‘“°(t2)sm(mm )J 0,

(35)

meLmen —B,0 (t,)cos(mzt,

(36)
Thus, the homogeneous solution to Eqg. (36) is
given by

o (6.t,) = Ay (1, )cos(nzt, )
+B,, (t,)sin(nzt,),
and the particular integral is followed as

(37)
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& (mz) @,

T2 o\
= (nz) —(mz)
Dnp (tl’tZ)= Z
m=1,m=n Ano (tz)COS(mﬂ'ti) (38)
—B, (t,)sin(mzt,) '

Hence, the total solution to Eq. (36) is the sum of
the homogeneous solution and the particular
integral, so from Eq. (37) and Eq. (38) it follows
that w, (t,,t,) can be written as

o, (t,t) =0y (bt) + o (4. 1,)
= A, (t,)cos(nzt, ) +B,, (t,)sin(nzt, )+
o AV (mz) O, (Aw(t,)cos(mxt,)
m—lz,m:;tn (n;z)2 —(m;z)2 [—Bmo (t,)sin (myztl)j
(39)
where Ani(t) and Bpa(ty) are still unknown

functions. Thus, the Eq. (25) with the Eq. (39) can
be expressed as

Vl(xitytz): &
Ay (t,)cos(nzt,)+B,, (t,)sin(nat,)
2o,y ‘N(L)Z%[Ano (t)oos et ) ]
m=1m¢n(nﬂ)2_(mﬂ)2 ~B,, (t,)sin(mzt, )
sin(nzx)
(40)

Now, by using inner product (22) and ICs (20) in
Eq. (40), Anl(O) and Bni(0) are given by

mlz¢nﬁ%0( ).

(41)
& (mz)’ e,
~ ﬁBmo 0
8.(0)= 3 (e (e
| _A:O(O)'
(42)

It is observed that the solution v,(x,t,t,) still
contains infinitely many undermined functions
Ani(tz) and Bpy(t), forn =1, 2, 3, --- . Since these
unknowns functions can be used to prevent the
unbounded terms in the solution ofVZ(X,tl,tz). It remains

always reasonable to take Ay (t;) = Anr(0) and Bpy(tz) = Bhi(0).
So far a formal approximation

V(x,ti,tz)zvo(x,tl,tz)+gvl(x,tl,tz)has been
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constructed for u(x,t), where VO(X,tl,tz) and Vl(X,ti,tz)

are continuously differentiable with respect to t;, x, and t,.
RESULTS AND DISCUSSIONS

In this section we are commenting, interpreting and
explaining the results obtained in the previous Section 2.
Using the complete analytical solution of the O(1)-problem,
the influence of the small parameter 0 <& <<1, and the
damping parameter on the axially transporting system will be
discussed in detail.

By using the O(1)- and the O(g)— solutions, it follows that

o [Aqo (0)cos(nrt) ]sin (nzx),

u(x,t)= 3 e?
(1) nZ:;‘ +B,, (0)sin(nrt)

(43)
where  Ap(0) and By(0) are constants such as
1

A10(0)=2'([ f (x)sin(nz x)dx ,
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Now from physical point of view all mathematical terms can
be explained in the solution (43). In Eq. (43), the terms

(Aho (0)cos(nzt)+B,,(0)sin (nﬂt)) are  oscillation
terms obtained from time-dependent part of the IBVP. These

terms oscillate with frequencies nz forn =1, 2, 3, ---. The
o
——e&t
term € 2 has arisen due to the viscous damping introduced

in the system. This term indicates that as the time parameter t
increases for fixed values of & and & the size of the
oscillation amplitudes A,o(0) and B,,o(0) will start to decrease.

The last term Sin(nﬂ'x) is the solution of the space-

dependent part, which describes the shapes of the oscillation
curves along x-axis (0 < x < 1) for fixed values of the time
parameter t. By using Maple 16, two plots of the solution (43)
are obtained for different values of the parameters & and
fixed 0 , different number of modes n and for some different
ranges of time intervals.

(44) For the fixed values of
1 £=0.0,0=1Ln=5x=0.5t=0 to 100, the
nzB,, (0) = 2'[ h (x)sin (nﬂ- X)dX , solution in Eq. (43) has the following behavior
0 (45)
0.08 4
0.06 -
0.04 4
0.02 4
0 . : ; A A IA A A n A [\ A A A\JA\[/'\VA\IA\JA\IAV{‘VAVA"A"A“T“'% oy Y
0 \NVO\WUVVVVV 60 80 100
t
-0.02 4
-0.04 -
-0.06 -

FIG. 1. ANUMERICAL PLOT OF EQ. (43)

For the fixed parameters: €=0.001,6=1,n=5x=0.5t=0 to 200,the solution in Eq. (43) has the

following behavior.
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150 200

FIG. 2. ANUMERICAL PLOT OF EQ. (43).

In both of these plots, it can be seen that there is a decay in
the oscillation amplitudes and this occurs due to fact that
the damping has been introduced in the mechanical
system. These graphs have very good agreement with the
mechanical and physical expectations such that with
increase in time the system gets into stable condition.
From Fig. 1 and Fig. 2, it is clear that if the change occurs
in the parameter & there is huge effect on the decay rate of
oscillation amplitudes. The decrease in & results into
slowing the damping effects in solutions.
CONCLUSIONS

By using a Hamilton's principle, a second order partial
differential for axially translating continuous mechanical
system under viscous damping has been constructed. A
two timescales perturbation method is applied to solve an
initial-boundary value problem to obtain closed form
solutions of proposed mathematical model for the
transversal vibrations of a transporting band-saw blade. It
has been shown that all modes of oscillations are damped
for the system and it has also been shown that the damping
rates are completely independent of the mode number n
and the physical system is being stable and vibratory
energy dissipates.
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